
r75
as6 A

~~

osP!coRP EL

~~~~~~

o c A v

~~

x cLE!INrERIN6 DIv r/; 2o

~

1

uN CLA SSIFIED ATR—79 (7775

£0
A0 The 8

ENJ DP!:. DA T E

11-79
DDC



AEROSPACE REPORT HO.
AIR -79(7 775 1.1r 

~

ix) The Generation of a Tollmien-Schlichting Wave
by a Sound Wave

(1,)

Prepared by
John W. Murdock

Vehicle Engineering Division

31 August 1979

D D C
i~r~r~~nn rir~S OCT 31 1919

UL~~~ u u i ~
Engineering Group

THE AEROSPACE CORPORATION 44 El Segundo, Calif. 90245

THE A E R O S P A C E  C O R PO R A T I ON

~~~~App~~’. ~ ‘: ~~~~~~ !eJ~’c ~;
D~~t~~:~~ ’o~4 (Ji n~~~~~

Y 9  U9 24
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — _ — - — :~~~~~~~~.-~~~~~~ -~~



A ( ’  ro s pace R ep o r t  Nu .
A T R — 7 9 ( 7 7 7 5 ) -  1

(

TIlE G E N E R A T I O N  OF A TOLLM I E N - S C H U CI I T IN G  W A V E

BY A SOUNI )  W A V E S

P r e p a r e d  by

Joh n W . M u r d o c k
Veh ic l e  Eng i n e e r i n g  D i v i s i o n

31 Augd*t 1979

1I /~~

Eng i n e e r i n g  G r o u p
T I L E  A E R O S P A C E  C O R P O R A T I O N

El  Segundo , (~~i 1i f . ~O~~4 5

The V i e w ’, and conc Iusion~ cont in~’d in t h i s  d~ c i n . n t  .u
of t he autho r ’~ and shou I d  no t  ~ in t t ’r p rt ’~ ec f a~ ~~~~~~~~~ I
represent  inq t he o f t  Ic ia l  P0l Ic lec , e t h~~r e x p r ’~~.t d  oi i m p 1 led ,
0 1 the Dc f n ~.c Adv a nced Re %ea rch r ro j e c  t Aq~ ncy or ( He S
G o v e r n m e n t .

(

L1. 
— ~- 

~~~s



R e p o r t  No.
A T}~- 7 9 ( 7 7 7 5) -  I

THE G E N E R AT I O N  01” A T OL LM I E N - S C I I IA ( LI TING W A V E
BY A S O U N D  W A V E

A p p r ov e d

T . D. Tay l r , l) ire ctor
F ’Iu id  I)y n a m i c  s De pa r t i i i en t
A er o  Eng i n e e r i n g  S u b d i vi s i o n
V ( ‘hi  c le Eng irl ee r i ng  l) i  v i  s ion

I :1 ~~~ r

~~~

l L ~~

_ _ _  -.~~~~~~~~~ - - . ‘



A C K N O W  LEDGMENTS

I wou ld l ike  to thank  my co llea g ues  f or dis cu ss in g t h is wor k wi th me

a nd mak ing  sugges t ions  f r  improvement .  Drs . T. D. Tay lor , J.  Laufe r

and R . B. My e r s  were  pa r t i cu la r ly he l p ful .

This work  was sponsored by the Advanced  Resea rch  Projec ts  Agency

under  Off ice  of Na va l Research , Cont rac t  I~1
’O O 14 - 7 8 - C - O 4 9 1 .

— i l l  —

_ _ _ _ _ _ _  - 
- - -



_ _ _ _ _ __ _ _ _ _ __ _ _ _ _-~~_ -_ _ _ _ _

CONTENTS

ACKNOWLEDGMENTS • iii

SUMMARY 1

I .  INTRODUCTION 1

II . PHYSICA L AND MATHEMATICA L PROBLEM
DESCRIPTION 2

III . CONTINUOUS WAVE-WA VE INTERACTION 4

IV . LOCALIZED WA VE - WAVE INTERACTION 8

V. SOLUTIONS TO THE ORR-SOMMERFE LD EQUATION  .   14

VI . CONCLUDING REMARKS 15

R E F E R E N C E S  16

- iv -  
-‘



_________________  
-~ -- - - - _ _ _ _ _ _

F ’IGt RES

1 . Fou r i e r  A m p l i t u d e  of u at Cons tan t  y .

~~~. Va r i a t ion  of Enve lope of u A c r o s s  the Bounda ry  Layer  

~~. F o u r i e r  Amp li tude at Cons tan t  y 7

4 . F o u r i e r  Amp li tude of u v e r s u s  y 7

5 . Co m p a r i s o n  of Enve lope Behav io r  wi th  a Pu re
T o l l m i en - S c hl i c h t in g  Wave  8

F o u r i e r  A m p l i tude  of u at  Co n s t a n t  y 8

7 . Fo u r i e r  Amp li tude of u at Co n s t a n t  y 10

8. V a r i a t ion  of F o u r i e r  A m p litude A c r o s s  B o u n d a r y  Lay e r  . .  11

~~~. Var ia t ion  of F o u r i e r  Ampl i tude  A c r o s s  Boundary  Lay e r  . .  11

10 . F o u r i e r  En velope of u versus Reynolds Number 12

11 . Amp l itude at N e u t r a l  Point ve r sus  R 12

12 . Fo u r i e r  A mp li tude of u v e r s u s  R e y n o l d s  Numbe r 13

13 . An ip litude at N eu t r a l  I~o in t  v e r s u s  R 13

14 . Spa t i a l  Eig e n v a l u es  of the O r r - S om m e r fe ld Equat ion  

~v.

_ _  -- - - -~~~~ ~~~ -- . . ~- - - -~~~~~~~- . - :~~ - -



) . . ~~.

/

Summary

A spec t r a l  n u m e r i c a l  method is used to study the two-d imens iona l
uns teady flow over  a f la t  p late in :he p resence  of a p lane sound wave
propagat ing  pa ra l le l to the flow . For s = c~xIU~~ > 0 ( 1 ) ,  no obse r-
va ble i n t e r ac t ion  or e n e r g y  in t e rchange  between the sound wa ve and
the Tol lmien-Schl ich t ing  wave is p r e sen t . In the region s � 0 ( 1 ) ,
nea r the le ading ed ge , an in te rac tion occu r s ;  the magni tude of this
in te rac t ion is computed . A p lane sound wave with dimension less fre-
quency (JV/ U~~ = 56 x 10-6 gene ra te s  a Tol lmien-Schl ich t ing  wave of
the sa me f requency  and an amp litude at the f ir s t  neu t ra l  point i0~~t imes  the sound-wave  amp litude. Computat ions at a second , lower
f requ enc y resu lt in a lowe r neu t r al  point amp litude. The response of
the boundary  layer  to large unstead y dis tu rbances  is d i scussed  and
com pared  wi th published behavior based on the boundary  laye r equa-
t ions . Solut ions of the Or r -Sommerfeld equation are examined and
found to have a d i f f e r e n t  character  for  s ~ 0 ( 1)  cons is tent  with the
more  comp le te equations.

I. Introduct ion r

The p re sen t  w o r k  numer ica l ly inves t iga tes  the flow ove r a flat p late
in the p resence  of a p lane sound wave propagating pa ralle l to the f ree-
s t r e a m  flow . It is postulated that the sound wave generates  Tollrriien-
Schlicht ing wa ve s which , in turn , may lead to t r ans i t ion.  A lthough
t he i n v e s t i g a t i o n  cons ide rs  onl y small  amp litude sound waves , the
numer i cal  methods used are  not r e s t r i c t ed  to this case.

An e x p e r i m e n t a l  stud y of the genera t ion  of Tol lmien-Schl icht ir ig wave s
by sound waves  has been made b y Shapiro [11. His data indicate that
a Tollmien-Schlicht ing wave is genera ted  with the same frequency as ,
and with a much smalle r wa ve length than , the sound wave . Thomas
and Lekoudis  [2 1 compa re Shapi ro ’ s da ta with a simp le mode l in which
the f low fie ld is a sum of a Tol lmien-Sch licht ing  wa ve and a sound
wave . This model is in f a i r  agreement  with Shapiro [1 1 ; thus , they
conc lude that  there  is no in t e r ac t ion  between the wave s in the rang e of
t h e  d at a , and that  the i n t e r ac t i on  which produced  the Tolimien-
Schl ich t ing  wave occurs  near  the leading  ed ge.

The w o r k  on uns tead y boundary- l aye r  theory is re le vant to the present
wo rk , even  thou gh the boundary- l aye r equat ions  cannot  predict  the
presence  of Tollrnien-Schlichting waves 0 E a r l y work  on unstead y
b o u n d a r y - l a y e r  theory was done by Moore  [3 1 and Ostrach [4].
I l l i r i gwor th  [5] has addressed  the problem of the in te rac t ion  of a weak



sound w a v e  w i t h  ~t co mp r e s  sib le , he a t  - c o n d u c t in g  bounda ry laye r .
I-It ’ ~ t’ne ra tes  tw o  s er i e s  s o l ut i o n s  for  the  pe r t u r b a t i o n  to the
B l a s i u s  f low . One e x p a n s i o n  is  v~did for  s m a l l  d i me n s i o n l e s s  fre-
q u e n c y ,  S = W x / t ’  , and the o the r  for  l a r g e  s , Lam and Rot t  [ t i
cons ide r  .t g e n e r a1t

~i nc o mp r e ss i b l e  b o u n d a r y  l aye r  w i t h  a sma l l
u n s t e a d y d i s t ~i r b a n c e  at the ed gt ’ . They g i v e  spec ia l  a t t e n t i o n  to the
j o i n i n g  of  the  s m a l l  s and l a r g e  s s o l u t i o n s . A c k e r b e r g  and
Phi l l ips [ 7] c o n s i d e r  i n c o m p r e s s i b l e  f l a t  -p late  f low wi t h sma l l  fluc-
tua t ions  in the f r e e - s t r e a m  v e loc i t y .  Both i n v e st i g a t i o n s  conc lude
that  t he d o w n s t r e a m  ( l a r g e  s)  so lu t i on  is a p p r o a c h e d  asym p t ot i c a l l y
t h r o ug h dampe d e i g e n f u n c t i o n s . A c k e r b e r g  and P h i l l i ps p r e s e n t
nume ri cal  r e s u l t s  to support  th i s  c o n c l u s i on .

11. Ph y s i c a l  and M a t h e m a t i c a l  Problem D e s c r ip t io n

The p rob lem at i n t e r e s t  is the i n t e r a c t i o n  of a p lane sou nd wa ve
wi th  a B l a s i u s  b o u n d a ry  laye r in i n c o m p r e s s i b l e  f low . Thus , the
sound speed and wave  length  approach i n f i n i t y  and the  wave  number
g a es  to z e r o , Fol lowing l l l i ngwor th  [5] ,  t he d i m e n s i on l e s s  f r e e -
s t r e a m  v e l o c i t y  is  g i v e n  by

u = 1 E cos(~.)t ( 1)

whe re  is t y p i c a l l~’ 10 - “ in t he r e su l t s  repor ted  he re in ;  W and t a re ,
r e s p e c t i ve l y, the ( t e m p o r a l)  f r equency  of the sound wave  and t ime .

G o i n g  to  the  i n c o m p r e s s i b l e  l imi t  a l l ows  a p r e v i o u s ly deve loped corn-
puter code [8] to be app li ed w i t h  m o d i f i c a t i o n s  onl y to the boundary
cond i t i o ns . Since a detailed descri ption of the formulation , the
assumptions , and the numerics has been reported , only a brief sum-
m a  rv will be given here .

The equations are solved in dimensionless paraboli c coordinate s,
~ and r~, which  a re  re la te d to the d i m e n s i o n a l  Ca r t e s i an  coordinate s ,
x and v, as fol lows:

~ + ~~ 
~ 1 + ~~ (2r~~~~~~

1/2]
2 

(2)

whe re x 1 is a typ ical  d i s t a n c e  f rom th e leadin g ed ge , and R~~1 is the
R e y n o l d s  number  based  on the  mean f r e e s t r e a ni  ve loc i ty  and x 1,
The t i m e  is m a d e  d i m e n s i o n l e s s  w i t h  the mean f r e e s t re a ni  ve loc i ty
and wi th  

~~

7’ = tU  /x . (3’I
~~ 1

The d i m e n s i o n l e s s  s t r e a m  f u n c t i o n  and v o r t i c i ty  a r e  d e f i n e d  in t e r m s
of the d i m e n s i o n a l  q u a n t i t i e s  1/~ and ~~

‘
.

(2~~t ’  x 1
) 1/2  (2~~Y x 1 ) 1/ 2  (4)

= 
~~ LU~ 

t~~~ / ( 2 L x 1
) ] ’” Q’~ (5 )

w h e r e  v is the  k in e m a t i c  v i s c o s i t y .  The d e p e n d e n t  v a r i a b l e  f is  the
u s u a l B las  ius  st  r ca  ni fun et i  on ,

- - - - - - — - - 
;‘i -. --~~-~~~~~~~~. - 
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The equations solved are  the pa rabolized vor t i c i ty  equations [8].

Z4QT = Q~~ /4 + ~4 Q~/4 - g~~
(Q/4 )~ + 

[g
~~~

/(24
2

R ) ]  
(6)

= g~ + g
6 / (2 R~~ ) .  

(7)

The equat ion  set is solved in the space

l �4 � (~ JR ~~ (8)
\ X~~f

0 �~ 1 � a m  (9)

0 < T (10)

Th e equat i ons a r e  f i r s t o rde r in t ime an d a r e  in t eg ra ted f rom a
Blasius in i t i a l  condit ion at f = 0

g = 
“Blasius 

(11)

The four boundary conditions in the Ti-dimension are

g = g~ = 0; T) = 0 ( 1 2 )

~ /4 = = 1 + € cos Jt
( 1 3 )

g/4 = f = Ti - f l  + E(T i - V )  cos (.)t

where fi is a constant charac ter i s t ic  of the disp lacement th ickness
and y is eithe r fl/a or zero in order to be consistent with the bound -
ary conditions at R

~~
, discussed subsequently.

Posing the problem on a finite Reynold s number range [re Eq. (8)]
has the advantage that the dif f icul t  to t rea t  vor t ica l  s ingulari ty at
the leading edge of the plate is avoided . On the other hand, it in tro-
d u ces a requ i r e m en t f or bounda ry cond iti ons to be imposed at R~~1,
Th e bounda ry co n dit ions a re  ob tained fr om the uns t ead y boundary-
layer  solutions [5-7] .  The small s = ~~x / U ~~ solu tion for the x-com-
ponent of the velocity is

= f~ + E cos(4)t [fh + T i f~~/2  + 0(s)] (14)

where  
~B is the Blasius solution , The solut ion for la rge s is

u = f~ + E[cos~~t - e x p ( - k y ) c o s (w t  - k y)  + 0(s u/2
)] (15)

wh ere

k = (~ )/ 2 v ) l / 2  ( i b )

The mix tu re  of independent  var iab le s in Eq . ( 15)  is used to empha-
size  the phys ics  of that equat ion.  Equation (14)  shows that near  the
leading edge the unsteady velocity profi le is in phase with the free

- 3 -
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st r e a ! i i , an d  the  t h i c k n e s s  g r o w s  at  the  s ame  r a t e  as th e  h i a si us
b o u m m f a r v — i a v e r  t h i ck n e s s , For  s > 1 , E q. ( 1 5 )  s how s  t h a t  the  u n —
st e a  ~v shea r ‘ave m- no l o n g e r  g r o w s  w i t h  x , and  t h a t  t h e r e  i s  a ph a s e
s h i f t  a cr o s s  t h e  ~ t o k e~ - t yp e  l a y e r . For Ia rge s , in the  w o r d s  of
Ac ke rb e  rg a mid  P h i l l i ps 7 1 , t h e  re i s  a “ c l o ut )  it’ b o u n d a r y  laye r ” w i t h
the S t o k e s  l av e  r b e i n g  t h i n n e r  t h a n , and embedded  in , t h e  Bla slu s
b o u n d a ry  l ay e r ,

‘I’he u p st  r t ’ a t m ~ la n d a r v  c o n ( I I t l c ) n s  o b t a i n e d  f r o m  Eqs . ( 1 4 1 a n d  ( 1 5 )
a r e  

= f~~)/
2 ( 1 7 )

E q u a t i o n s  ( 1 7 )  i low I rom Eq. ( 1 4 1 ;  the  c o n d i t i o n s  o bt a i n e d  f r o m
Eq. ( 1 ’ -’)  ~‘re

‘ (  ~~c u 5 W t  ‘ ( e x p [ - 1 ~~~][c o s ( ~~t - F r )  ‘ s i n (~~t -

- cos~~t - s i n~~~t 1/2 1K]
t ‘~[ c os wt  - e x p ( - K ’- l ) c o s f tj t - K’~) } (18)

w h e r e  K is  a d i m e n s i o n l e s s  k

K = ~~~
. 

(
~ k

’
~~~

h / 2  (1 9)l \ X ~~/ /

Tia  p a r a bo l i ae d  sy s t em  of eq u at i o n s  is t h i r d  o r d e r  in 4 and r eq u i r e s
a dew~~st r eam b o u n d a r y  c o n d i t i o n .  The p r e s e n t  n u m e r i c al  r e s u l t s
c n t ~ rrn p r e v i o us  e x p e r i e n c e  [s] in which  the  cond i t i on

= 0 ( 2 0 )

produced a sm a l l  d i s t u r b a n c e  at the  d o w n s t re a m  b o u n d a r y.

The e q u a t i o n s  a r e  so lved  u s i n g  a s p e c t r a l method  in space:  a Cheb y-
-~}~ev  ~ o 1v n o m m a 1  e xp a n s i on  is used  in t’~ich  d im e n s i o n .  The solu t ion
I s  t : n c i a t e d  i n  t i me  wi th  an exp l i c i t  f i n i t e  d i f f e r e n c e  method .

i l l ,  C o n t i n u o u s  Wa v e - W a c c  In t e r a ct i o n

Two p o s sib l e  m e c h a n i s m s  t a r  f e e d i n g  e n e r gy  i n t o  a Tollniieri-
S c h l i c h t i n ~ wa ve f r o m  a sound  w av e  ar e  i n v e s t i ga ted  h e r e i n .  One
p o s s i b i l i t y  is the  e x i s t e n c e  of a c o n t i n u o u s  f low of e n e rg y  in to  the

l l n i i c n — S c h l i c h t i n g  wa ~e a iom ~~ t h e  who le  b o u n d a r  l ay e r . The
othe r p o s s i b i l i ty is t h a t  the  sound w a ve  in te  ra t s w i t h  the b o u n d a ry
laye r on l y in lo c ah L e d  reg ions , and  t h e n  t h e  T o l l n i i e n -Sc hl i ch t i n~wa ve p r o p a g a t e s  i n d e p e n d e n t ly  of the so u n d  w a v e , In t h i s  sec t ion ,
t h e  fo r m e r  p o s s i b il i ty  i s  i n v e s t i g a t e d .

[h e  v o t t he  a a vt ’  — w a v e  i n t e  r i  ct  on is comp l i c a t e d  by the f a c t
tha t  the compute r cock’ ~e n e r a t es  s o l u t i o n s  f o r  a f i n i t e  r eg i o n  on the
p l a t e .  Thus , any  s o l u t i o n  ob t ained  is  d ep en d e n t  upon the  a s sumed
n a s t  r e a r i i  bouncla  ry c o n d i t i o n s , j’u r th e  rmo re , un l e s s  the u p s t r e a m
b o u n d a ry  c o n d i t i o n s  a re  sp e c i t i c a l l y chosen  t o  be o r t hog o n a l  to the
pri m’r~ l ry e i g en s o  lu t i o n  of the  Or r -Sonin i e  r f e  Ed equat ion , a f in i te
T o l l m i e n — S c h l i c h t i n g  w a v e  ~vi  ii  be i~e n e r a t c d  by the  c o n d i t i o n s . In

- 4 -
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t h i s  5 ( 1  t i o t i , t he l a ’ ~ t i v c  i s  to  i n v e s t i g a t e  t h e  p o s s i b i l i t y  I t  a Con-

t i ~~~~~~u s  i n t e r a c t i o n . I h i s  c o n t in u o u s  i n t e r a c t i o n , i f  i t  e \ i S t — , w i l l
be m o st  e a s il y  t 1 u n d  i t  t he  1 I l l u l i e n — S c h l i c h t l m i g  w a v e  g e r i e ’r a t e d  b y

t h e  u p s t r e a t m i  b o u n d a ry  c o n d i t i o n  is  m n i n i r u i i e d . A s  w i l l  ) c ,  sh o w n

s u b s e q u e n t ly , Eqs . ( i S )  g e m i e r a t t -  a v e r y  s l l I . i l l  I o l l i i ~ i c n — S c h l i c t i t i m i g
w av e , I l ie  e t t c c  t at  t he  b o u n d a r y  c ’ o ~~I t i t1 on the  s o lu t i o n  i s  a l so
c l a r i f i e d  liv m o v i ng  t i l e  p o S i t i o n  01 the ’ b o u n da r y  a i i d  b y r u n n i n g  c c - n i  —

p u t a t i o m i s  i n  t h e  h~e v m ~o ld s  n u i n t i e r  r a n c e ’ in  w h i &  h t h e  b o u n d a r y —
ge n e r . t t e 1 \ v a v e d e c a V S .

B e f o r e  the s o l u t i o n s  a r e  e~~~i ! I c i m 1 C d i , So O t’ t r i g o n o m e t r i c  i d e n t i t i e s
w i l l  be’ presented to a i d  in  t h e i r  i ’ i t t r p r e t ~t t i o n .  If  at  sonic  i-~t o t i O n  in
the  b o u n d a ry  l ay e r  the  sound!  \v~ t v e ’ ge ’n t ’ r~t t e S  a t i m e ’  m c t ’ r l o ) i v  c l i s -
t u r b a n v e  ot  a m p l i t u d e  :\ a n d  the Ielimni , ’n—S ch l ic ’li t i nc w a v e  g e n e r a t e s
a d i s t u r b a n c e  ot a m p l i t u d e ’ B an d r e a l  v v . t v t ’  n I i t 1 i } ) , ’ r  (1, t h e n  t i e  t o t a l
di s t u r b a n c e  ( S i t  t r e ’ qu e n c v  (k))  is

U A cosL) t + B cos  (1 \ L I t )

w h e r e  A an d  B m a y  be R i n v t i o f l s ot  y and s1o~ lv va r v i r i g  t u n c ~ 1on s  o f
‘~ , and  the  or i i ~i n ot x is a s s u m ed  t o  be s u c h  t h a t  m l , - phase a n g l e  i s
Le  ro . I he l’ o u r i e r  a m p l i t u d e  a t  t h e  d i s t u r b a nc e ’  at  f r e q u e r o v LI 15

2 1 /2
C = (A B ‘ 2 A B c o s  22 )

\Vh en  A B , I - q .  2 2 )  n i d y  be e x p a n u ~~ to  g i v e

C -\ B I ) 5~~~~~ ‘ O (B 2
C ( 2 3 )

E q u a t i o n  ( 2 1 )  a s s u me s  t h a t  :\ a n d  B a r e  i n d e p e n d e n t  or  w e a k l y  d e p e n —
dent pa r an ie t e  r s  . V q u a t  i on  (2 s l i o v v  s t h a t  , i n  t h i s  c i s c ’ , t h e  F’o u r i e  r
a m p l itude  at  the  t o t a l  d i s t c . i r l a c n 1  c w i l l  osci~~l i t e  s p a t i a l l y w i th  a vv - a v e
l e n g t h  eq u a l  t ~ t h e  T c c l  l i u l e n  - Scl i  li c h t i  ng  wave ’  l eng th , t h a t  the  i na gn i  —

t v i d e  of the  s p a t i a l  m e a n  is  as  soc i c t c’ I w t t h  t h e  sound  wave , an d  t ha t
t h e  m a d n i t u d e  ( I f  the  e n v e l o p e ’ a b v ~t t d ~ mean  is  a s s o c i a t e d  w i t h  t he

I L , l l m i i i e n — S c h l L ~t i n g  w a v e , Th e t ’ x p t ’ r i m e ’ : c t t l  d a t a  of Shap i r o  [ 1]  a r e
cons  st e  nt wi th  t h i s  p i c t u r e  in  t h a t  he found  the  F o u r i e r  a mp l i t u d e  to
( ) S C i  E l a t e  s p a t i a l l y with  the  r d ) l l n h l e n  - a 1 } c l i v l ~t i n g  w a v e  l e n g t h .

The f i r s t  f e w  t i g u r e s  show the ’ r e s u l t s of a m~v i m m c e r i c a 1  c a l c u l a t i o n  in
the  r a n g e  1 . 2 x l 0~ � i~~~ ~ ~~. 8 x 10 . The h m u e n s i c c n l e s s  f r e q u e n c y
is  t h a t  of Shap i r o , LI V 5 . ~ x i o - 5 . The l a r g e ’ s b o u n d a ry  l ayer
e q uat i o n s  a r e  used  to gene  r i t e  the u p s t r e a m  b o u n d a ry  c o n d i t i o n s
( E qs . 1151]  imposed  at  = 1 . 2 x to ’ or s = o . 72 . The n u m e r i c a l
so l u t i o ns  a r e  o b t a i n e d  tw r u n n i n g  the  c a l c u l a t i o n s  u n t i l  the s o l u t i o n  is
t ime  per iod ic ;  t h i s  so l u t ion  can  t h e n  be s t u d i e d  by F o u r i e r  t r a n s f o r m -
i n g  in t one ’

In F ig .  1 , the F’o u r i e  r a m p l i t u d e  of u at f r e q u e n c y  Li is p lotted v e r s u s
R ey n o l d s numnbe  r f o r  v = con s t a n t  ( R ~ = y U~~~/ V  1 Q~ 1 1 ,  This  value  of
y c o r r e s p o n d s  to n 0 . 4 a t  = 1 , 2 x 10 k’. For the  c o m p u t a t i o n
shown , the va lue ’  of C w a s  0 . 001 [r e  Eq . ( 1 ) ] .  ( N u m e r i c a l  e v i d e n c e
o b t a i n e d  by r e p e a t i n g  Se le ’c t ed  com~ c u t  a t  i o n s  w i t h  C h a l v e d  v e r i f i e d
that solutions w i t h  t h i s  v a l u e  of a r e  li m -iea  r in C .  ) The solut ion has
the f e a t u r e s  of the  sum at  a S t o k e s  la\ ’er solu t i on  and a Tolhn ien-

L 

S ch 1 i ~~ht i r ig ~va ye s o l u t i o n . I he o c e a n  cvi i’ve in F’i g . 1 is  v e ry  mica r lv
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a nt  c i i  r r e  s i con ’ !  i ng  ‘ a o’ t i  t - c ’ ‘ - a’ h i  g h c  h~ ’ V t :  h i s  n ci  i c ,  r
t , :  i m c d . ’ : y  b y e ’ : s c i u t i o r i  ‘ -c . e- ~~ l i v e r )  is a . t t i c i t i  o n l y

rh e  ~u I i t ~~~: c o sc i l l , t t , s ~i b t  ~~~~~~~~~~~~~~ - i n  w i ’h  a vt . t v , ’  l e t  v t :  ~- q u a I
t e l lni  i n -  Sc l i l i c  I m  m c g  w .t  c i ’ b ’ m : c 1: h ow c 0 in  1- i g .  1

c c c t m t i ~~!l ’ t he p r e ~~i ’ m c c t ’ o f a I o i l n : c ’ t i - S c h l i c ’  t i n g  \ v a 1  , , th e
i t ,  i i i  e (-  t i , ’ i ’  n vi ’ I :~~ s e ‘ r a I v u  r - t ’  s s i m i i ~ i t  r ‘ . c g . 1 vv a S

1~~ .t t l ~ i : l c t t e  v e r s u s - in  i - i c .  d~ t~ . 2 . 5 X l i i ’ . I l i t ’ p o i n t s
o n -  c o i t n c . , r , - d  vv i t h  a s c a l ,  I s a l u t i t: t t i , - ~~ m r  S o n i n i e r m i ld

i o n  i t  t b ,  s . i O t ’  !~ , v n ~~I . : s  t : c : t : ) c - ~’r , i n :  ‘lie ~,t ~ t , ’ m ’ , e n ’ i s  ~ \~~~ I l~ -~~t .
2 s h i c~ c s  t a I et i l t f l t e l  S c h r l i ,  h t m r : c  v v . -. . , - i s  p r e s e n t , a n d  t h a t

n i t - I  a t - at e r c r • s  S~~~ S Ii i s  h I c . 1 i h . i r i 1  t e n t ’ t i c ,  m n t g n ~ m v : e  a t

.t v t .  e n  ve Ia t 4 ’  110 i t i ’ s a r , - s i  v a r a I c c  s ot  ~ g re i t  c -  r t l c . i  ri i i i  ou
in -  i u S e  i t  t i , - l i n g e r  v i l O t ’ s ~t — t h 1’ s i  !i on c u r~~,’s appea r  t i c  b
l i t c ’d ~‘, i ’ i c  t a o  s: c t i . t l w d v e ’ l e ’ : ct h s  r~i t i c , ’r  t i - i n  u s !  on,  r r c , i k j r : c

‘c ’ r . , t :  c -  . c
~~ ~~~ n e ’o u i r e d  i t t f c , r n t ’ i~~cn v e t - v di t t m c u h . I- i gu r e

1 p I t  e ‘ s . i c l t  a so ’ ’ i c ’ i  c’ u r c t ’ i t  a l uc it  ion  t v v e ’ l v ’ e  t i me  s t c i : t h e m
vv .~ I : ‘ h i ~ ‘ L i ’ so ‘ a i n  F i g .  I . I he v . c  i t : , ’ of v i ’ l

5 ‘0 .1 v a I n , ’ : ~ 4 , ~ c i t  ~~~ -~ 1 , 2 x l 0~ a r i d , t a r  c c c n ) l c i n c

1- i g .  2 , ‘ 1 t ’ I 2 . 5 ~ 1( 1 ’, I c e ’  ~ no ‘ i i  i mnod i t  l~~t ion
I e l l : r i : t ’ ’ c  S c h c l i c u l t i t c g  W a v e ’ l t ’f lL’ t l t  i s  > t i  I i i n  e ’ v i d e r : c e ’ , b ut a

- - ‘ : c .’fl v’, : ! }  a ,v ., t ! i a : g t b :  c l ou t  t h r e e  t c n i , - s  a s  l o n g  i s  a ls o  p r e s e n t .
• : .s l i k e l y  t h a t  t i e  I a c c t r  v ; . i c , ’ l i - : c g t b :  r~ c 1 c d i u l . i t i o n  i t o l i c c t , s  t h e
‘a t i~~ ’ v c n i . , t i c e ’~~ d! , s c n r ) r  by t i c , ’ ~~o : t i t c c i c u s  s : e c - m r c : t - l  o m  t h e

~~~m n : a t ’ r t t ’ l I  e ’q c i t ’ i o n  1 ‘ in u o u s  s p t ’ c t r - c i m :  s o I : : t i c c n s  a r c -  v e r y  L

I I ’: ‘- 0 11 ‘a t t ’ - y l a y , -  r c o t t a  r ed  t o  t h e  r v a l u e  f u r t h ’  r f r o m  t h e
is  c c n ~~1s t t ’ t - a i t h .  t } i ,  t i c !  t i c  i ’ t h ~ h i g h e r w a v e  l e n g t h

l a t i n i~~ n i t  , ‘ , - “ n  1 - 1 g .  1 . I - i : r ’ h t ’ r ! l i d i c r’ , ’ , t h e  d l m i : e o s c c cn l e s s
s Ot ’ e l  . I i ’ ’ c a r c ’ i t t  t i c ’  is s t t ’  c t  r u n i  mt b e s i s v t ’ r y  c l o St ’  t o  u n i t y ,
1 r e  I . 1 a t  1’’ i t ’ a - Sc it l i i ’ P t  m t : g  vv ci v t ’ s pe , ‘d , m 0 t h e  p r e  s e n t  c a se ’ ,

-
, . .- -

c 
, ~ ~ , ‘ I , ’ a c t  c r a ‘ 1 .  r , - t’ di  t~ - m - ,’ nc  t ’ i n  w i  v’e s p e e d  i s

‘i’ , - - v  i t m c t h e - t a c t d c r ~~t t h r ee  ( 1 1t h ’  n , ’ : , - in  r : c o d v c l at i o n  w a v e  I e ’ : c c t h
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The m a i n  i n t e r e s t  h e r e  i s  t h e  g e n e r a t i o n  of  T o l l n i i en - S c h l i c h t i ng
w a v e ’s; thus , mos t  of the r e m a i n d e r  of the’ p lots will be’ at a y - loca -

t i o n  v e r y  n e a r  the w a l l  ( R ~~ 1 ‘ ) ( ) ,  In a l l  c a s e s , t h i s  was  s u f f i c i e n t
to  s up p r es s  the  c o n t i n u o u s  spec t  rum d i s t u r b a n ce s  w h i c h  we n e ’ e v- i -
den t  f u r t h e r  out in  the ’ b o u n d a r y  l a y e r , A n y  o t h e r  ( t i s d - n, ’tt ’ t’igenniodes
p r e s e n t  d e c a y  v-cry rap idl y.

Fi g u r e  4 shows the v a r i a t i o n  of the total F o u r i e r  amp l i tu d e  of u v’e r s u s
y at the upstream bounda  ry .  and in  the  i n t e r i o r  of i - o m m c p u t a t i o n  d o m a i n .
The u p s t r e a m  b o u n d a r y  c o n d i t i o n  has  be en  i m p o s ed  at  R~ = 1 . 2 x l0~~,
so the  le ft c u r v e  in I - i g.  4 i s  j u s t  the  F o u r i e r  a m p l i t u d e  of Eq . ( 1 5 ) ,
This  fi g u r e  d e m o n s t r a t e s  tha t  the hi g h R ey n o l d s  n u m b e r  b o u n d a r y  l a y e r
so lu t i on  is an e x c e l l e n t  ap p r o x i ma t i o n  to the s o l u t i o n  of the  m o r e  com-
p lete e q u a t i o n s . A n y  d e v i a t i o n  of the ri g h t - h a n d  c u r v e  of Fi g. 4 f r o nt
the (le f t - h a n d )  b o u n d a r y - l a y e r solut ion because  of the p r e s e n c e  of the
T o l lr n i en - S c hl i c ht i n g  or c o n t i n u o u s  spe -t rum wave ’s  is i t r ip e r c ep t i b l e
on the scale of Fi g. 4 .

1, 008 - - 

1.2 - R
~ ’R~1

.l.2 x l~~ —

_ _ _ _ _ _ _ _ _  

IEr ~~
E’1~E~

~j 
56 X 

~~ 0 2

R~~
.2352

0, 992 0.0
1. 2 2 ,0 2 . 8 3,6 4.4 0 0,8 0 0,8 1,6 2 ,4 3,2 4

i~
”
~ R~ y(U /2~ x 1)

~
2

1”i g .  3 . F o ur i e r  amp l i tude  at Fig. 4, Fourie r amp l i tude of
c o n s t a n t  y U v e r s u s  y

Fig u r es  1 t h roug h 4 d e m o n s t r a t e  that  a T o l lr n ien - S c hl i c h t i ng  wave is
p re s e n t. The main interest of this paper is the sou rce  of t h i s  wa ve .
The s p a t i a l  amp l i tude  v ’ar ia t ion  of the  To l lmi e n - S c h l i c h t i n g  wave  in
the p r e s e n c e  of the sound wave  is compared  with the va r i a t i on  of a
pure  T o l l n i i e n-Sch l i c h t i n g  wave ’  w i th  no sound wave  p r e s e n t . If the
c u r v e s  hav ’e the ’ same beha vior , then  the  l o llm i e n - S c hl i c h t in g  wave
p r o p a g a t e s  ind e p e n d e n t l y of t he  sound  wa -c e ;  i f  the  enve lope  cu rv e ’
g r o w s  r e l a t i ve  to the pu re  w a v e  a m p l i tude , then  e n e r g y  is fed in to  the
T o l l m i e n - S c h l i c h t i n g  wave  c o n t i n u o u s ly by the  sound wave .  The cir-
c les in 1- ’i g. 5 a r e  o b t a i n e d  f r o m  the  ext  r en ia  of Fi g. 1; the c u r v e  i s
a s ca l ed  l i n e a r  T o l lm i en - S c hl i c ht in g  wave  s o l u t i o n  with no sound w a v e
p r e s e n t . With the  exi - ep t i o n  of the  f i r s t  p o i n t , they a r e  in good agree-
rnen t . At  t he  f i r s t  p o i n t , o t h e r  d e c a y ing e ’i ge ’nmodes  are  n o n — n e g li-
g i b l e . It is conc luded  t h a t  the T o l l n i e ’n - S c h l i c h t i n g  wave in the nu-
m e r i c a l  c o m p u t a tio n  is g e n e r a t e d  by the b o u n d a r y  c o n d i t i o n  at the
u p s t r e a m  b o u n d a r y  and s u b seq u e n t l y p r o p a g a t e s  i n d e p e n d e n t ly of the
sound w a v e . As  noted p r ev .’ i c i c i s l y ,  T h o m a s  and Lekou di s  [2 1  have
conc luded  f r o m  Shap i r o ’ s d a t a  tha t  the t wo  \v ii ve s a r e  i ndependen t .
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I i g t i  i i ’ I ’ t c , i i t l i i ’ i c h ’ i i c c ’ i i s t t . it e ’ : ’  t t i , i t  l i i i ’ I i ’ i i i i i , i ’t i  ~ c ) i i i c  l it t u g  -c~~. c c i ’
• i I i t ) c l t t ’acle  in  t h e  t e r ; ,’ t i t  c - t c n t p t i t . c t t c c i i t c  i s  i n t l t i d i e d  i c y  t h e  u t ’ - - t i
i i  c c i i  l i i  I i  , v c i ’  i i  c u t  i i c r i  S . I , c ~ c i i ’ w i  I ci •e t  t i d  a i - v  i i  .1 1’~ ’~ ’ ~~ 1 1 1 c c , i’ c i  t i c  ‘ i i i

~ l v ’ ” i i~ I- i g .  I t o  1 . 1 ~ i~~’ c m i  F i g .  I ’ ;  . i l I  c c l i i i ’ I ~~ .t l- . i t n , ’ f e  i- s t i e
i in ~’ i t a i i g i ’ i I . Rn’ 1ch .tse  an d  . t i i t l c l t t t 1 i l i ~ a i- c ‘ ‘ i g n i  I i ,  , t n t  lv-  . e t t e ’ c l i d  i c V t h e
c i i . t m c g e ’  i l l  b c  . i t i i c t t  i ’t  t h e  i l 1 c r i t 1 - ( ’ , i f l I  t c i c i i n i l a  i v , i- a t i t , ~ F t h t . t t t  l ’ e ’t u g  t t ~~{~ ’
pe n i l e ’ u t  c i t  t lit’ i c t c , t i i , i , t  t y

, 
c c  ‘ t i c !  i t i c ’ i ~ 1 ’ . ‘ci c ’ v i  I , ! t ’ ,’ lii ’ , . t  r~ i i  h i t  ‘ i . i ,  t i c ’ , ,

~-~~t l ~ t h e’ I i’ e e ’ st  i , ’ , ,m , c i c u n i i  ‘c c i v , ’ c i ~ c t i ~~fl~ . i t e ’ , I ~

(t sc&’ —

c c 1 c , , ’ I ,~ c ’  ,ci m i l l ’ I -i  1 - “‘ ii ’

I 
~,- 1 ’ , ‘.o ~ 10 ~‘ U s.s-t ‘ .

— l ’~ c ~:,‘~

(1 ‘c~~ 

~ 
\i ’\I\ \ /

4 1  I c c l i i ’ ’  l i - t i  “ t i c , ,  i t i c i c i  it i c , , ’ 
, ci

U) ‘ - , - - - 
l

1 ’  I c ’  ,‘ t) .‘ .l ,’ c  ‘ .‘ i t ,  .1 ~ s I c ’  -i ~~, ‘ - I i t

li i 111 ~

I ’ m c: , “ . onip a i i  c ’i i  c c l  e l i t e ’ I ~~~ a’ 1- ’i g . 1’~ l” t c i i  r i c a  . i i i i  ~ l i t  t i t l e ’  a t
l ’ i ’!ia t o t ’  v’c t I l t  ,c pu~~ ’ l’ c ’ i i i n i i ’ m ,  i i  . tt  e ’ c ’t t ~~ t . t , i t  \~
‘‘, 1: i i  ,‘ i , t  t u g , i  v i ’

l ’ii ’ w a i l ,  i- , ’ s c r  It  c c i  t h i  - ‘ - c , ’ , - t , c c , ,  i s  t l ~ . i t  .e s i t t a  I I  . e t u h c i t t u , i e  I c ’ l l i i i i e n  -
I , ,  l i t  t o g  ‘c’c .i e m n . i  y lit ’ , e d t l e t i  t a t h e  St u i ’S s t c l t i t  i c i i i  a tid th .t  t t he se

‘c’c .i c, , ‘s c c , ’  c c c l  t i t i , ’,,  s d~’ na t t n t , ’  i - a c ’ t . i n  t i l e ’  l i i  
~ Ii  U ~‘ ~‘n t i l t !  s n u m l ie  i’ i ,i i t~ e

- c c i t S t c i e ’ t , ’ c I . I In ’ l a l i w i c i t  - S c i c l i c ’h t i i i g  ‘ c ’ c . i  va ’ s i i t ’e s i ’nt  in  t h e  sc ’ I t i t i u cn s
i j i 5 c i i S S , ’ u i  vv e i’e t c ’ c i I \ c i  t o  t~~’ i ’io ’r . t t , ’ei .t i ’ t i t h c ’ I . h I l V  liy t h c  t t p s t  I e . i n ,
l’ i ’ i t n c  i .c i v  c c ’i t c l i  t i c ’,, .

(-I
1 \ 1 c c c .i I i  , j  \V .i v i ’ IV. , ,‘ I i t t ,’ 1’ .; c l i i ’ m i

In  t he ’  I ’v e - v - l o i n ;  ‘ a n - t , c ’, i  i t  -c-c i s ~
- c ’nc b ided  t h a t t h e ’ i i i l e ’ t’ .~~’t i~~ t , be t wee n

~ s e c u n i l  ‘cv a u ’  an t i  .e l’ c ’i ln i e l t  — S e - b l i c - h i t i t i g  w a c  e t I u ’( ’S  io ’t  cO’ e ’ i i  I’ c i v e l ’ t h ,~
i ’ t i t i  I’ e ’ l ’ , ’ , i n , i , t r ~’ l . i ~~’ e ’ m - l~~it , i t  i t  c c c v i i i - ,; , t i l t ’ i i t t e i - . t c - t  t v ’ i i  I S  e’ c i n t i i i i ’cl i i ’ .1

i i ’ g i c c l i .  l i i i ’  ‘ , i i ’
~~

c c ’’ ; ( ’  u ’ t  t i c , : ;  -~ , ‘ c t i c c , t  i t ;  t o  c l r t i ’ i’ii ~~ne ’ W h i i ’ i ’ e
( ‘ I l l ’ F C~ V i S  1(0 1 i t t i c  - t h ,’ I c c l l m , , i i ’, i  S c l i i i  ~~i , t  , in’ ‘I i i  e .1 t i t i  t i c  c ’ i ’ i t i  pill  i’ t lie
. in  ,p ii  t i c ) , ’  - ‘ 1 t i c ,  wa v , ’ .

~“ c ’~~~ i t ’ ~~i (  t h e ’  i i t - i ~~c ’ I- t e  ai  It c ’ t  i i t t s t i ’ . t i l y  i ici ’ cj ncl .% t y  l.t~- c i ’  l i i i ’ i ’i’v ~‘c i l l  ii i’
S t i t t r l r l .i r i  v i ’ ’! i i i  c ’l’ c ! e r  I c c ic( .n c’ t i l e  i t u n t e i - i , - . t l  m i — s u i t : ;  in  p e r s 1c ,’~~- t i c-~ ’ .
in  t h e  ~~~~~~~~~~ i v  1.iy e t -  c , ~ i ’ ~~~ i c  .1 in ’ I ‘ci-~ c c l i  i t  i t t  c t  S c i l t i t  i c ’ t t  i’ i ’~~ l c O t s  “U
he p I.~ t ’ . At  I nv he’ v t i c ’ 1, 1 tu t u  t h e  t . t he t i u t s  I r a  c I V  L i v e  a g i’ c ’c -c . i t  t h e ’

~~.i i i ~~ ’ t ’~~ Ii ’ .1S l i i i ’  U I.i ‘ ‘ I l l S  h o u n c l .i  i v  l . i  e a . i t  i i i  g h i h i ’ v m u ’ i i i  s u n n u l ’ i ’ r . t h e
— v : u - - l  i ’a d v  1,c v i ’ t -  1:; an t  m - c ’ h I e’d ic~ ’ t i u , ’ I m i ’ p i i - c l e ’v . i n i 1  i s  t i t t i t n e , -  t h a u t  t he ’

ii l. isuis I.i~’,’ i- , l ’ h e m - ’’ i s  l i t t  I i ’ c l c , i m l c t  l i t - i t  t h e ’  u l i c c i e ’ c ’ O u l i p I C ( V  e’e l u a t u c t u i s
c i ’ t i M i c  Ic  t’ e il in ’ , i ~ i i i  Inc - c e  S a lot i c ’ m t  S ii i t  hi r s S c ’ m i t t  ,e l i v  I ht ~ a .~~~c~ b,’i~.c v i , ’ i’ .15
i - i g  , I i i . c s , l e t t i i i t t s t  t a t e , ! . t h e ’ . e e t t t o . n -s  c c i  h - i ~’ . ‘ . i , tc l c’ ‘ c i i ’ i i ’ c ’ c n i , - e ’ i n l e ’d i
iv i I i i  r ~ i c i  ,i i m i r m  u g i i , ’ cv t h e  ‘a a . i i ’ , ’ I i , - i c  i co n ,  F a t - v  i . i~ ’ ,‘ i e’t~t 1 a t i c ’ , ,  S c c i i i  1, 1 .* I —
‘ci ~ v ha i t ’ h it ’ . l i t O ’  La u’g i’ h i ’ y - mi c i , !  s ,~ t i  i i  t i n’ F S c ’ h i  I i  i ’n , i u t i l e  ~~~i ’ i t c i  ru t  c ’t



-~~~ .-~~~~~~~~~~ - -

. c , u y  c i t  stu  rb a n c  es w h i j t ’h i n u i g ht e x i s t  up s t  u -c an t . ‘l’h ey c’ cnn ’ h ide that the
ii cc -c - c - i, at  r ca i i i  s ic  h i t  i c c u t  u s  a pp r oae’hed via c i a  t np e d  e ig e n func  t t ons ;  d l. —
t u r b an ~’es t t t t ’ o n s i $t c ~~ t w i t h  the e lownat  r e a m  so h u t t o n  gene ra te  a sy r u p —
t e c t  c c  e - i g c n s o t ut  ions  w h ich  d ec ay t’ xpe ine ’n t  t a l l y .  N u tuce  r ic a  I so lu t ion.
t c c  t he  p a r a b o l t .’e’i l v e c I ’ t t c ’ it v  e q u a t i o n s  w i l l  be shown t o  be s i m i l a r .
Eve ’ ii w i t h  ha r ge di s t u t  r bane ’es ( h i t  r o e h u t -ed  v ia  the  u p it  r e am  bou n d ar y
e’ o i i c l i t i o n s  L lice so l u t i o n  at l a r g e  Reyno le i  s nu iu ibe  r appro ache .  the
exp ec tce i c l c c v i u s t  ream ~olut iou  v ia  e i g e n ft c n e ’t ion s  . There  is one n c a) o r

1 i t t , ’  re nec , howe i-c r ; the  a s yt up t o t i  c ci g en fu n ct i o n  (not p rese n t in the
b o u n d a r y  — L a y e r  ap p r o x i m a t i o n )  as soc ia te d  w i th the l oh i n t i e n  - Sc h l i c ht ln g
w a v e  i s  not  nec e as  a rt  ly damped . ‘I ’ he ft c i lowi  ng pictu re cvi II be de —

ye  loped . U n d e r  ne c r i tu al  f low ~‘o n du t  t o n s  (no Inca Ii ~ed d I s t u r b a n c e ) , the
u u i a g n i t u d e c c I the ’  - c a  r ious  e i g e n fu n c ’tion s i n c l u d i n g  the  T oh i nu l e n  —

Sch h t ~-h t in g  w a v e  am p l i tude  in the e’a se of the more  ‘on-i p let e  equations
i it set by the  e nel of the  r eg ion  in whi ‘h the u n s t e a d y  bounda ry layer
c ha nges f r o n u  a g r o wi ng  t o  a co n s t a n t  - t h i c k n e s s  la y e r . If d i s tu rbance s
.c re t n t  roe lu ced at sonic j c e c i  u t  downs  t u-ca n - i  cit  t h i s  reg ion , the i-i the
m a g n i t u d e  c i t  t h e ’  ei g cn (u u u c t i o n s  i s  set iu i t t u c e e i i a t e  ly d o w nst r e am  o f t he ¶
d i s t u r b a nc e .

A l l  the  t u ome ’  t t c ’ .c l  in’ so I t s  r e’pt c r t e t i  iii thu is se cti t in use Eq. 1 7) as the
upst  ream b ouncla  rv  co t u t i  iti on c c i i  t h e ’  c’e iu ’ i ip c i t at  l out . 1’h ys tea  l iv ,  the  use
ii f l i i i  ~ l’,ouneia i’~~ C ou~ci i i i  on u it dc i i  Iv nu s t i  t i e d  t o y  s a ma I l  c onipa red to
u n i  l v .  ‘, 

- o n tl i c it  c c t i  u i t u  it we u’e .cc I c ia  l iv  p er  ( u  rnue  ci i n  wh ich  the ’  ups  t ye ant
v .i l~ip ot s c-as v - a r i e c l  I i ’ u n n  o . h i -  I a  0 . “ u .’ . U s i n g  Eq. ( 1 7 )  at hi g h
U e v u u o h i i s  u uunuh t ’  t i s  .1 ‘c’c , I V  c ’ t  u u u j i t i t t  b u g a 1, 1 rge  cli  m e t u r b a n c e  c t  h i g h R e v

uut i lc i it u u u u u u u l i e  a , Re si t  It  I ,-~~c n u  the ’ to ’ u - i c i n i c c i t  . c t  , a n s  - c v i i i  be ’ u sed  t i ’  c l e t u u in —
i t t  t’ . c t e ’  t h u . c t  t h e  it , ‘ l t i t  u c O t  d i c e s t i ’ l c ” c I c c t h e  i’’~pe~ ’ trd  h igh  R e c ~’ t i c ’l t l s  n i t i t i  —

h er  h i i ’ i ia  v - i a a ,

\I t , m n , ,  i - u i - a l  , i u s t , i h c , l i t i e s  - c v er e  e , u t ’ c iu iu t t e r e c i  cc ’heiu t h e  ii  i - s t  a t t e i l i c t s w e t - c
u t i , c c l e  .ct i - u u u u u u i u u g  e’c i t u c p u i t a t i c c u u s  v v i t h i  s u , u . c h l  u u j i s t  t - c . c u t i  h i ’ v t i c i h , I s  n u u i c l c r u ’ ,
i t  w . c  S c u l t  u n t , c  t e ’lv (e iun t i  th .c t c -c - it ii c h i , ’ l ’v sh u t ’  c - u u t c i t i , ’  i i i i  t h e  st i c.c i t t  Fl
‘ c v i  se ‘i i  m~~’ c t m e c t i , t h e  r c q c u t  r e r u u e n t  (icr t u c u i r n ’  r n - . I i t t a h i  I , t v  i s

U / R  ‘- ‘c . c)
5
’ , “

i b i s  u ‘; . s i- v c i i ’  t i - s t  n u t  i d o l , h i ’ u . u t ,  - c i ’ thur jihiv sic - c l  i c t t g t h i  c c l  t h e  ~‘ u ’u u i -

1 t , i t i I i  i i i i  I i i t , , i  1’ I\ v - c i t  ii I l i e ’ i ii ’ :;  t i’ea l i t  k~ \ i t t  10 it f l h i l u u i u i ”  I U 5’ 1 .1 u i c i
I hu , ’  i , i t i - r e ’ s t  u s  u i i  S t i i . i  i i  c - c I t i e s  c c i  U , .‘\ t l , c i’ t~~i ’ a ‘ c . u i i i e s  i t t  U 5’ ~~

, t he
l e t u g l h i  a t  l i i , ’  c ’ u i u u u i c i i t , i t  i~ ’ i u  i s  i’ ,’it f t i c t ’ t ” c i  I i ’  , i h i c c t i t  e u ~~h i t  l ’ c ’ h l u u i i i - u u
‘‘ , l u h u ,  l t t m ~~ v vi .u v - i ’ l i ’ m , e t l t , ;  ‘c i t h i  t i t , ’ ‘

S c  t i l c i t i t ’ S , h ’c( ’ c ’ , l t i s e ’  c c l  t h e  t i ’ i t t i ’ i u v t i c ’t i ,
t i c ’ c c ’ i t l 1 d i i t , t t  i - O t t i  ‘ c i i ’  i i ’ t i t - i c l i ’ v v , t h i  .i v ’ . i l ’ , i i ’ , ‘l a t  t h u r  u i 1 ’ s t  i i ’ . c u t  bc c , u u u c l , i  u c ’
S , , , ,  l i e u ’  t ha mu (1 , c i , ’

t c ’ui ~~ t i i e ’ t’ t i t ’ s t  ,i c , l I c ’ i i l . l t i c c ; i  ‘c’c h i u c - h u  i ’ ’ i d I t ’ I l t i c . i I t c ’  i i . ‘‘ . c ’\ c e pt  t h a t
t hur u l c s t i - e . c u i t  l ’ a t u , u c l . c  u -v , - c c t i c l , t j e c t i  h a : ;  l i e ( ’u i  e h i . u m i g e ’ c I  t u ’ u i u t u  l- ’ i i ,  ~ l ‘‘1 t c i

I i - h i . b it e ’ l ’ c ’ i i u u c l . c  t ’y ’ , - c ’ i i c l i t  i c ’~~i i t .  1 c h i ~ ’s i c ’ . l  i L V  ~~ , ‘ i  re ’t t d c r  . i i i . l  I I  ‘

i t  i s  hue in’ i i t t i ’ r 1 i r e t i ’ci  .15 .1 s c ’ I i i t u c c u u  v ’ c-c th u .c l a r g e  pe t ’ i c cd ic  c ! u s t u u u - b a n ’ e
i~~i p u t  .c t a o , i i -  

• U = 1 , 1 ~ I I ’ ’ . -\ l ’ 1  ci t  c ’ t  t hue ’ l i i i ,  a u e’ V am  p i l l  ci, ) e
c i t  ci - i t  c ’ c ’ u i s t , c t u t  v ‘ c t u . c  i c ’ gu ’ i i s  i c c  I- i g .  - i s  s h u eucc ’ , u  i n  F i g ,  ‘

. b l ue 1 i ’ ci
c u r v e s  .c t’e qclahit a t u v i ’ iv- v e t - v s t u i i t l , c i- : . c t t e r  .c t i u u i t e  r e g i c c l u  at  t in’ h e t ’t —
l u a u i i l  c ’ t i c i  i n  ichuu ~-hu c c i t u t % f l t i u c i i s  c l i i i  l u i g hi , ’ V i l l i t i ’ r , ’t i ’ , i t c c c l e ’s i lec ’av . hi , c t h u
.c in ’ i i t u c c l , u l a t e i i  w i t h  t h e  s a nt e ’  l ’ c ’ h h u u c i e ’ n  S c i u h i c ’ h u t t u u g vi .c i- i ’ i e t u g t i t . c tud
hu .c v ,‘ thur S . % u t i e  e t t i- e ’ i c ’ p e ’  i i i ’ c . c ’ i’ .% t e’ . c t t c i  n-,i ’,c i u i . c h c i e , I~ ht ,’ ni .c ,i c i, ’ t i i t ~—
t e r e u i e e  u s  t h a t  t h u r  i ’ c i h h I i i I ~’ f l _ S t ’ h t h t c ’ i i t  t u g w a - c - ,’ t h h t e ’  e ’u uv e ’l op e \ ; cuuc p h i t u t i e
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0.8 1,6 2,4 3.2 4.0 Fig. 7. F’ou ri e r  amp l i tude

of u at cons tan t  y

is about a f a c t o r  of lU l a r g e r  in Fig . 7 than i t-i Fig . 6 . It is a l so
i n t e r e s t i n g  to look at the p r o f i l e  of the F o u r i e r  amp litude of u versus
y and  see how it changes as a f u n c t i o n  of Reyno lds  n u m b e r .  Such
c u r v e s a r e  shown in Figs . 8 and 9. The c u rve  for  Re yno lds nu mber
1. 1 x lO~ in Fig . 8 is the ups t r eam boundary  cond i t ion  or , a lterna-
t ive ly, the uns tead y d i s t u r b a n c e .  The c h a r a c t e r i s t i c  t h i c k n e s s  of this
d i s t u r b a n c e  i s  much  g r e a t e r  than  the n o r m a l  Stoke s layer  which would
ex i s t  at that f r e q u e n c y  and R e y n o l d s  numbe r . F igures  8 and 9 show
that  the bounda ry  l aye r  has ad ju s ted  to a solution simil,ar to those
shown in Fig . 4 by Reynold s numbe r 2 x ~~~~ Downstream of

= 2 x 10~ the c h a r a c t e r i s t i c  shape shown in Fig . 4 pe r s i s t s , sub-
j e c t  to  some sma l l  mod i f i ca t i on  n e a r  the peak of the Tolimien-
Schh icht i rt g wave ( T I  1) . Figures  6- 8  show that the presen t  solutions
have  the same behavior  as the b o u n d a r y  laye r so lu t ions -  - they approach
the same hi gh Reynolds  number  solution via the i r  r e spec t ive  ei gen-
f u n c t i o n s .

It was not possible  to c a r r y out numer i ca l  computations with the up-
s t ream boundary at an arbit raril y small Reynolds number. Thus ,
computa t ion s have  been c a r r i e d  out with s e v e r a l  u p s t r e a m  b o u n d a r y
loca t ions , and the r e su l t s  a r e  e x t r a p o l a t e d  to sma l l e r  values .

In Fig .  10 , the a m p l i tude  of s e v e r a l  T ol lm i e n- S c hl i c ht i n g  wave s
g e n e r a t e d  by imposing the b o u n d a r y  c o n d i t i on  ( 14 )  at d i f fe rent  loca-
t ions  is p lot ted v e r s u s  R e y n o l d s  numbe r . These  c u r v e s  a re  obtained
f r o m  the respe c tive enve lope cu rv e s , the uppermos t  c u r v e  being
obtained f rom Fig. 7 , There  is no n u m e r i c a l  e v i d e n c e  that the amp li-
tude of the Tolln -u i e n- S c hl i c h t in g  waves  is a f f e cted by the presence of
the sound wa ve s u b s e q u e n t  to t h e i r  g e n e r a t i o n  at the ups t r eam bound-
ary . This may be ve ri f ied  by not ing  tha t  to wi th in  n u m e r i c a l  a c c u r a cy
the c u r v e s in Fig.  10 are  each a c o n s t a n t  mul t i p le of any other cu rve .
This  is  the e x p e c t e d  b e h av i o r  of a l i n e a r  Tol1n~i e n - Sc h 1i c h t i n g  wave :
the rate  of d e c a y - g r o w t h  i~ ; i n d e p e n d e n t  of amp l i t u d e.  In those cases
in which the cou -i ipu t at i o n  did not ex tend  to the n e u t r a l  ( m i n i m u m )  point ,

x l0~~, the  c u rv e s  have ’  been  e x t r a p o l a t e d  u s i n g  the a p p r o p r i a t e

- 10-
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\ ‘ a r i c t  I t  c c i i  0 t 1’ , i i i  r i c  r 1- i g .  , Va  n i t  l i i  c c i  } au  i- i , ’  i-

t u - p l u t u c l i ’  i c  r o s s  ii~ c’c i i ~d ,t  rv . i i : t p l i t i i c i i ’  . I e ’ l a S s  b c c t i n c t a  a v
l ’t v , ’  r - ‘ v t - a

e u c n s t , , , i t  and  i n t ’  S l u C d W f l  on t b ’  f i g u r e ’  - t ~~~ l a s hed h i w ’ s , E a e ’h a t  t h u . ’
c ’u r v i ’s i n  I’ u g .  10 w i t  c d l c t , i i i H ’ c t  t r c c m , t  i ‘- I t i g h e’ n u l u t e r i c  i l  c ( c t l i i ) u i t . i t t c d i l

C ’ Xc. c’ pt l i t  r I l’i~~ l i t - c - c  e’ r cu r  ‘ c i ’  wu t h  H 5’ 1 
i t  -r i t ’  it c c i  r i , ’  iv . i i t  , c t c t , t  i u i e ’d

H v-c i t l i  t h r e e  i i i  t ’ r i . i p p u n g  c.’ o u t t p u i t a t i c i u t s  w i t h  R e v , t i c h d s  t u i t t i l c i ’ r r a n g i ’  it
I 1~~~ � U 5’ � t . ‘

~ x i H , .‘ ~~ 7 � R ,~ � 1 , 1c ’ ~ l ’~, ,iu iii ~~~ .‘ e ’ ~~ R ‘
~~

~~ , 
,~ x l i ) ~~, R e s t i r t i t i g  t iut ’  c ’ d I  t l , i t i c c u i  1n t ni ’ iIci ~-es a u t c s t , i u i t i a )

, i i t i & i i i u i t  i t  n o i s i -  l i t t o  ~~~ t’ o n i p u t a t u i > n . P,i’ c , i i i $ e ’  c d t  t h i s  n o i s e ’  i c r e i t l e tj i
and  the  l i i i i i t  i n  F q .  U c41 , ant C e ) t i i l ’i e i t a t i i t l i s \ \ e ’ a c ’ - t t t t ’ i t i p t i ’ t i  ‘c’~ i t h  U

5’l e ss  t i i , c i i  7 x L 0 ~~, I n c r e a s i n g  the ’ n u i t u i h e r  c i t  m o d e s  in  Uu e ~ — d i  r e t - - ’
l ion -cc ou ld  a I low U t o  be r e c U R - e d  f u r t h c e ’  r b i t t  w d s  in’ e c te d  lit ’ . c v t s c ’
( i t  i i i p t i t e r  c o s t  c c ~~~~ S ide ’  r a t i o n s ,

The nume ’ n e a l  r e s u l t s  p r t ’ s c ’ n t e ’ d F  i l - c C O f l S i  st ~~ n t  w i t h  t h e  h ) c ) U n i l a  rv
l a ye r  ~~i u c d e ’ t s t u d i e d  in  R e t s . u -  , cn I 7 , I t-u th , ’  he u u n e l , c rv  h . c~ - e’ r e ’ . i s i ’ ,
t he  l a r g e  R c v u u i c l d ,-i n u m b e r  s c c l u t t u n  is  ~cp p r o ~c t -h e c i  v i a  t s v f l h i i t c ct t c ,
di ’ c~ i v i n g  e o g e n 6 i n c .’ t i u u i s . I ii , ’ t i i i p h i t u c l t ’  of  t h e se  e i g i ’ n t v u n c t u i c u i s  i s
( h e ’ t , ’ rm i ne ( i  i i n i q i e l v  by t h e  u p - c l r e ’aun bounc la  ry  e’ , c u i c l i t i c c r - t , an d  t h e
‘- O t i f l ( I  - c c , i  ‘ c t ’ (Inca  u i i c t  h e ’ d t u r t h , ’  r , ‘ uue ’  r g v  i n t o  t h ,~ s,’ i ’ m g e u i t u u c i d t ’s i t
dovi m i s t  r e a i i i  l o c a t , c c , i s . In t h e  p!’et~i - i i t e - , c to ’ , l i t , ’ e ’ ig en t u i o t l i ’ s a t  i t u t e ’r e ” t
- i re ’ b c—i c - c s s o - t a t , ’ d  w i t h  t h e ’  (i r r -n iu tu ie r t , -  I i i  eO~ i 1 , t t i c ) u i  ,i t i c l  i t ’ ’ c l j f —

fe r e t ut f r  oni  the  t u t  ode’ i-i o t t he bou nda  i -  l , i - , ’ r e’c ~ i i i  i n  ~~~ ~- , I ice u t u u i u c  rn  it

h i  c bce ’ n i ’ c c r i c e ’u i t r a t e d  i t u u  t h e  l o h l u u i i t ’n - Se h u h i e - h t i r u g  m i t a c l e ’ , .‘\ u ia i c c g OtiS
t o  the ’ bounda  rv — laye r c - 1  se ’ , t h e ’  _ i i i t p l i t c i e h t ’  oh  t h i s  t u i i d c l i ’  i t  Si ’ t  i t  l i i , ’
i i 1 i s t  m e - . ini  b o u n d a r y  c - d ) u i i l i I i on , ,t r u d l  u t i c  t u r t h i e r  ,‘ i i’  r- g y  i s  t i ’ i i m t c t  I c c l c e  I t ’ d
i n t o i l  at do ivu s t  rt ’ c I i  s t , c t u c c u \ s _ In Iii ,’ h i t u i t i u i g  c . . t s i’ w h e r e i n  t i l t ’

bound ,i rv C c l  c $ i t ~ ( d l i  i it it  i i  pa t e d  a r ho  t r a a i iv  t ’ I t t  it,’ I c c the  lead i t t  g e c e ’ ,
t he  eu g en i t i od e s  in b oth  c - i  ~~i’ s - i r e ’  s t i l l  uni q ue  l v  i le t e ’  t m , t i n e , l , h ay - c
i ’ ’c - e ’ r , l i i i ’ s , ’  e i g c n t i u i c c f e ’ s . i r e ’  l S v n t p l c ’ t i c . ’ S i d h i t t i c i t t it y , c h i i i  o n l y t c c r  it ~ I ,

I t  i~ $ h t c d ’ c’, ii i t ~ th e’ t t i ’ \ t  S e c  t i c t  l , i t  the ’ s o l c i t m i c u i s  t i c  the ’ i, ~~~~ S e c u i t t i t e  a —
Ic ’  10 e q i t a t c o u t  on ly  ui i . c hc e’ p i t y  S t c ’, t l  M t ’ f l i t i ’ I c c  r it I . u In t h u s i d , u t e ’5 ’ t , t h e
reg ion (~ � S ~ (~( i  1 i s  I l i , -  r ’eg i or i  in  w h i c h  l i i ,’  l c i c c i , t c l , c  u - - c -  l.c~’ i’ i’ n i l  t u e
soun d  wa y- i’ i r l t e ’ r . , c  t . P h i , ’ output u t  t h i s  r e ’ g l c i i s  - i s e t  ot a sym p t o t i c
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Fi g .  10 . 1- d i v L r i c - a ~~~~ ~~~~ t o t i ’ of  u I u~~. I I . A m p l i t u d e  ,tt neut ral
‘ c t -  r su i - , Iv’ i ’’, m n c t e j s  n u u i i h c e ’  r p c i u i t  v-c r s u s  H

I i m i c ’~ d r s o l u t i o m t ~ vv i i i u  Ii a r e  p h y s i c a l l y  , cnc i  t u t - i t h e n u a t i c a l l y i n d e p e n d e n t .
- \ u i ~~’ t t g  t i i i . s t ’  k r l i - n i - r i I e , u t  s o h i i t i o u i s  ~i re ’ the  1 o l l m i e n — S c h l i c h t i n g  wave

t i c ’ -  ~~t k , ’s  L i v , ’  r t o l u t i u c m i ,

1 he ’ TiC 1 t’ . t l  t~~i i i ~ i i m t - i i i i i  ~i m t i I ) l i t d i ( i ( ’ , o i ) t a i ni ’d t r o u t  F ’ ig .  10 and simila r - 
-

c - t i r e ’ -, , i s  p l c t t t ’ c l  i t t  I ~~~ 1 1  i S  .1 Iun e - t i i c r i  of  the- ’ u p s t r e a m - u i  b o u n d a r y
- c c , i t i fl . I b i s  i i , ,  h i l ( l , - ~ t h x’ ’ i -  p o i n t s  l t , t i n e d  f ro m  c o m p u t a t i o n s  with -

-it ‘- I t U 5’ 1 ,  1 ht ’ i t c it r a t  - i l u e  t o r  v 5’ 0 i t  t h e ’  am p l i t u d e  of a
I c t l t i u i t ’ mi S c h l i c -h t i u i g  ‘ c i i , ,’ g e n e r a t e d  Liv c i  s c t un d  w av e  w i t h  d i m e n s i o n —
l es s  t r e ’ c~ t c  ‘ - ‘ - c v  u x 1 0 _ u  , t t  R . = 1 d m , . by t’ x t r a p o i a t i o u u  O f  Fi g. 11 ,
t h i s  n e u t r a l  ~*n t p l i t i i k’ L i t  c~~ h i u ’ t c t t t ’~ l t c  he ’ ~ . 5 * I , ~ x l0~~~ . The
m u - i t  r a t  p o i n t  - i m p l i t u c l e  o f  t h i t ’  I o l l i u t i t ’ui — Se - h l n - I i t i n g  ‘ c - c a v e ’  i t  H
( i -  i ,~~, ‘ i i s  a b ou t  I h u l t  t h u r  p e a k  a ! m l t t l i h u l ( ’ . I h c i i t , t h e’ ; c i ’a k  ~ nu~~l i tude
0 1 l I t , ’  su t l n ( I  g e - i n ’  r a t e ’  d I a l l  i i i  i t ’  mu — Sc h i i i ~ hi t  i ng v i a  v t ’  i s  1 , ± (I • x l0~~~
t u ne s  t h e ’  s o en i l  - - v - i  ye t t u i p l i t ~~ d l - ,

I it~ t re ’q u e n c v  of  t i l t ’  sc u i u u d  ci ci ‘c - c’ , i i t c l  L i i i ’ I o i h m t u m i ’ n — S c i u  Ii  c l i t i t i g  i~ c ‘e i n
I ~~~, -  , - c i t  i t  i c t (  it d c — c  r i  h ,~’d (III ) to tic i t  })Ot u t  5 (c,), / I, ’ = Sm ~ 1 c1 ~~~

c i  hit ’  ‘, i , i s  chose n I c O i n  i d e ’  vi i t h i  S hap i r o ’ s l~ c ’ \ } c e - r i u i t e u u t a l
f r e q u e n t - v .  1 l i e -  re’ Lit S U h ) t 4 t , c I t I . t l  l i - , , i c  a i ’ e ’ u u i e n t  ) d ’ t \ d c ( .e~ n t h i s  e ’x p er i  —

u n e ’ u u t - i  I w o r k  m d  th e ’  p r e s e - u l t  f lu m e ’  r i ~~-a I c c i r u u p u t i t i o n s , Ba sed up on
~ h a p t r o ’ s F i g u ‘ c ~~~~~ the ’ i c ) l l m i ( ’ u i — ’c c - h h i c . -h t i u t g  w a y - c’ . i u t t p i itu de-  , i t  the
n e u t r a l p o t - u t  i s  a b o u t  0 , 4 t i u t a - s  t t ~ s d d t i r i i l  ‘ci - i c e  a u i i p i i tu d e , w h i l e  the
p r . ’s rn t  c o i f l $ ) i i t t t l c c u t S  s ’ i g g , - s t  a ~ - i I i ~~- c c l  l ul ~~~ , I l i e ’  a t - ~c r r  t w o  p o ss ib l e

‘ ‘ - - n a  I c i r  t h i s  d t s c ’ u - i ’ p .cni - v .  T I , - a t , i v i e  m c - l ’ c t - u u i e ’ d on an e l l i p t i c a l —
n s , ’c l  t i i t c i l t ’ l ‘ v u t l i  a s i g n i f i c a n t  p r e s s u r e  g i ’ .ci l t e ’t i t  t ip  t o  R ey n o l d s  n u m u i —
h ie  m ’ s g r t - . i t i ’ r  t h a n  lu ’ , I l u t i s , t he’ l i t ,  .mnd i i i , ’  c.’o f l i p u t . i t i o n s  a r e  not
-‘ I r u  c -i I ~- c ur n  pa t’ ,t h i , ’ . - \ i i  ch i t ’  r pu s s i  hi l i t  v is  t h a t  I l i e ’ sc) t in ( I  wa v- i’ i n  t h e
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e x p e r t i t i e n t s  was  not  e x a c t l y a p la ne wa ve and t h u s  e f f e c t i  v e l y  g t - n e -

r a t e d  local  d i s t u r b a n c e s . ‘I ’he n u m e r i c a l  r e s u l t s  of t h i s  St’ . t i o m i  tug-
ge ’ s t  t ha t  a locali zed disturbance can  generate’ a h a r~~e’ r l’o l l m n i e n  -

Sc h l t c h t i n g  w a v e  t h a n  a p lane wav- t’ di sturbance’ .

A b r i e f  inve  s t i g a t i o n  has  been  r iuade  w i t h  a s ni a l le  r f r e q u e n c y  of t h e
d i s t u r b i n g  sound w a v e . F i g u r e  I c ~ is  a p lot  i d e n t i c a l  to  Fi g. 1( 1 ,
excep t  tha t  the  d i m e n s i o n l e s s  f r e q ue n cy  h a s  bet ’n h a l t - r d  to  ~~u’~ X 10~~ ’ .
This  f r e q u e n c y  i s  a p p r o x i m a t e ly the f r e q u e n c y  at w h i c h  the  t o t a l
g r o w t h  of the  T o l l t n ien - S ch l i c ht i n g  w av e  in  t h e  u n s t a b l e  r e g i on  is e’
as  s hown fo r  e x a m p le b y J a f f e , O k an iu r a  and S m i t h  ( l 0 ~ . A l t h o u g h
only  two  c o m p u t a t i o n s  h a v e ’  been u t i a d e  at  t h i s  f r e q u e n c y ,  the be ’ -

‘~~~ ha v ’ior  is s i m i l a r to t ha t  at the  hi gh e r  f r e q u e n c y.  ‘l’he n eu t  r~t 1 point
a m p litude ’ s f r o m - u  Fi g.  I .~ a r e  shown  in F ig.  1 ~~. A l i n e a r  e x t  r a p o l - u  -
t i o n  of these r e s u l t s  t o  z e r o  u p s t m ’ t’ - m u i u  R e y n o l d s  numbe r g i - c.- t ’s a w a v e
amp litude of x 10 A t imes  the  sound  w a v e  a mp l i tude.  Note , ho w-
ev e r , tha t  the result s in  Fi g. 11 s u g g e s t  t h a t  the  l i n e a r  e-x t r a p o l a t i o n
m a y  be a fac to r of two or t h r e e  too h i g h .  A g a i n , t a k i n g  i n t o  a c c o u n t
the fac t  tha t  the p lot ted r e s u l t s  a r e  not at  the peak of the Tolli -t - i i en -
S c i i li c h tin g  wave , the l i n e a r ly e x t r a p o l a t e d  r e s u l t  g ive s a peak  wJve ’
an-ip l i tude  at the f i r s t  n e u t r a l  p o i n t  of 7 x ~~~~ t i m e s  the s o un d  wa ve
amp litude . Thus, it is co n c l u d e d  t h a t  h a l v i n g  the sound w a v e ’  fr e q u e u u c y
decreases the peak Tolliuien-Schlichting vvave amp litude by ~(t t t  70
p e r c e n t .

On a s h a r p ,  f la t  p late , a p lane sound w a - c - c  interacts with the boundary
layer very nea r the leading ed ge an t i  g e n e r a t e s  a To [h -u -m i e n - S eh i c b t i n g
wave which can first be ident i fied as such downstream of the s � 0(1)
reg ion . This  wave  p ropaga te s u n a f f e c t e d  by the sound ic-ave a f t e r  it
ap p ea r s . Between  s = 0(1) and the neutral point , the wave decays
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su b st , u c t m . u  h l y , t i c  , t h u c - ~ t I O ~~ t im e ’ s  t h e  soun d  vv ,i v i ’  a r t i p h i t u d t ’  ~u t  t h e
n e u t r a l p o i n t . ‘I b i s  i s  S i i u , u I I  m i t  i t  S l u c c t ~ I~~ lie no ted  t h a t  a t o t a l
To i l t i t i e - m i  -~~i ’ l u h i c l i t i n g  \ V , t ’c e ’  gr ov c ’ ti i  o f  e’ ’ 

~~~ d u c w u i s t u ’ e a y u i  o f t h e
n e u t  m’a l 1 , i u i ru t  u s  t a - q u e ’ n t 1~ - tn~, -cI  t o  e ’ m u u p i r i c a l I~ - u C ) r r e ’ l , t t c ’  t r a i i ~ , u t i c c m u‘ I I .e r e s u u l I ~ d c l  t h i s  ~~i ’ c t u o ~ a l s o  ‘ - u u g g e ’ t t  t l u . i t  h u c e , m  l i z e d  d i s t u r l c ~c u u t - c .s
T l i a\’ g e ’p e r . t te ’  l a r g e r  - m m m u p t i t u ( I e  I o l l u u ~ i i ’ n _ S u - h i I i c h t t i m i g  ‘ c i i ’ c e ’it t h a n  i i
p l a n e ’  w u v ’e’ d i i s t u u r ( c , c u u ’ c - t~

V . ~~t u h j t  i o n s  to t } u , ’ U r r - S n m n r u t e  r t t - leI l-~~u a t m u n

In t h i s  s e c  t i o m i , t he  i ) e l l . i v - x c c r  of  s o l u t i o n s  to t h e  () r r - S o m t u u i u t ’ r t , - l d
e q u a t io n  in  t he  r e g i o n s  s � 0 ( 1 - i a n d  s > ( ( ( 1 )  ~c r e  st u d i e d . I h ~~s~s olu t i on s  p x - o ’c  i l t ’ t u u r t } t t ’  r c o n f i r t t i , u t i o u i  of t h e ’  d i f f e r e n c e  i n  t he  phy-s i c s  of  un st , ’ , m l v b o u n d , t  ry  L~v ,-  n i t  in  t h e  tw o  r e g i o n s .

‘I h e  O r r - S c c m u i n i i - m - f e - l ’ c (  , - u l u , t t c c r u  (1 , r , , see S c }u l i c h t i n g  1 1 ) 1  i s  ob t , i i n e dby h i n e a r i / i n g  t ! u ,  \‘a v i e  r S t ok e ’s e q u a t i o n s  - cr i d t h en  r c ’ r t n u - s e n t i n g  t h ed i s t u r h , a u u ~ - ,’ i n  t in ’  H c r n t  ~~ ( t - (  e ’ xj )  i( ax  - J t i .  ‘l’he sp a t i a l  e ’ i g e n f u n & - _
t L c i t i t  in  vc’hi ch ~~ is  r e a l  a r i d  a i s  c o m u u p l ex  a re  of i u t c  r e s t  he x - c’ . Itsh ou l d  be e ’r i i p bia ~.i . ’ t -d t h a t  t h e  v ’ a r i a t j u c r i  of  a w i th  x or  H ~s i mp l i c i t l ya s i t t u : u . , ’d to  be ui t ’g l i g i b l e , S I f l i t ’  t i l e  ‘ l e ’ r i v , t t u ’ c t ’  w i t h  r e s p e c t  t o  x ist a k e n  as  l~~~ cx p  i~~~ \ —~~J t i ,

I h e  p n i m u l a r y  s p a t i a l  e ’ u g e - r u v , t l u ~ I S  p lo t t e ( I  in  1”i g . 14 u s  a f u n c t i o n  of
Re ’ V I n c  Id it n u m  l i t ’ r . I l i e ’  c -t n  p int i t t  it c i  lou - Re ’  vu o 105 n un ub e  r , andth ,c  we I I  - k~~ow~ ii~~ s tc i  hI , ’  re’ g ion i s  1 c i t  comput  e ’ uI , (Th e nurne  ri c., 1m u t e - t i c - c d  vi ~ ,‘ ‘ c l  i s  t h e sc r ib e d i l - i  t b ,  A ppe n d i x  of Re t , ~~. I Above  a R ey n o l d sn u u r u u h u c ’ r  c i t  a l t u t u t  u , ~ ‘v I ~~~~~~ the ’ m’ c - , c I  p a r t  of a h, i s a s l i g ht n e g a t i v e ’s l an t -  c o r m - e - s p o n c l m n ~ I t ’  f l u , ’ s m al l  i n c r t ~c i s c  in l’o l l f l i i e ’ n - S c h 1j c h tj n ~v v a ~ c lt ’ u v t b  w i t h  R , ’v n c t l d s  n u t -nbc r . S t a r t i n g  f r c c i v u  ti le c o n t i n u o u s  sp e c —t r t t m u -  ci ’ 

~ 
c ,’ , ~ He al .  U 1~ 1 r o w s , r ap i d l y c i t  f i r s t , f r o nt  ,u v a l u e  ofabou t  i i , ~~-‘ x 10 ~~ . ( I Iu ~ r e i c t i on sh i p he ’t vv t ’ c’ n the  d i s c r e t e ’ and con-

t i n u u , c 1 i 5  ~ pi ’ c - t r u t l i  i s  c l i s ~ u i i t t e ’ I in  Rc ’ t s , a nd I ,’,) I i i ~ i m ag i n a ry  pa rt
c t  ~~~t U ,, i s  i l c c c t l t  3 c  ~ lu  ~ i t  t h ~ c a c i t i r i u c c u s  sp e c t r u m  and d e c r e a se sby t w o  o r d e r s  t m u g r u l t t t I t ’  w i t h  th e  l u i g h i e  r R e y n ol d s n umb e r  b e h a vi o r
i s  sh cvv ii  i t i  I- i g  . 14 ,

Th~- m u t i - t u m u - ’ u m ~~ w a v e  l e - u i g t i t  a s s c c ’c - i , t t , - c i  w i th  tht ’  r t i . i x in l l i u l i  o f  Rca i nI u g ,  14 u s  R A ~~
. ~ 1t 1 1; t h u s , i i e ’ I u c v v  a R t - v r c o l d s n um b e r  c c l  aboutx I I I  ~ , Ia u ’ g e’ ch a ng e s  in ~~ ~n- c u r  t f l  one’ wa v e’ he r u g  t i c , The c it  t i i  mpt ion= uGQt l e a d i n g  ~~~- l i i i ’  O r r — S r u - u t ~- r - ~ ,’ Iej e q u a t io n  i s  v - n c l a t e d , , i f i c i  ah m t , - m ’ , - u t  ph y s i c a l  m u c i c d c - i  i s  r c -~~1 u i m - i - c I  in t h i s  u’ c ’ g i c c m i . T h u s , t h e  ph y s i c a l

t’u t t i t y  ‘cc l i c k  i i  is  a : c r c m ’ c \ i m u u c t t ~ l v  u c o i l e cd Lv t i t , ’  O r r  - S u n l it ’ n e - I d  equa-
t i on  . i n I  k r u c c v i uu i s  ,i I u c l l r i c u i - n _ S c h l u c - i t t j n g  \\ ci \~~~’ Can o n l y  e x i s t  d i v - c-
i t - r u n -  m u n i ~ ,- R c ’v r t o l d s  u u m r u i h u ’ u ’ ; in  t i l e ’  p r e sc ’n t  c u s e  t h i s  i s abo u t x l0~~,

I I t , - s o h i l t i  i r i s  at  t i i c ~ O r r  Sc r u t t i u e - r t c -  1(1 e ’q u a t i o n  ci rt ’ c i c u u s i  s te ’n t  w i t h  th , ’n u n i e r i .  m l  i t o l u t u o r s o t  t h -  more ’  c - r I I p l c ’t e  t ’ t~~i t i o r l 5 i n  t h a t  l i i i c l i i t t i t t t ’t
r ’ e ’ g m c r t s  i r e  f ou r -id , F o r  s ‘

~ ( 1 ( 1 1  ‘ccc h y c ’ r e c l i t , ’  ~~c d I I f l ’ i i ( ’ f i - 5 C h 1 j i - 1 i t  r i g an dsound  vv a ’c- e ’s a rc  in d ep e n d en t , t h e  t ) r m’ - S o t i i u i i e r f e ( d  m o - l i ’i  i s  s a t i s t a ~--
t o r y , For it ~ 0( 11 , e ne’ m’ gu’  i s  ed m I t  t h ~’ I ’ u c l l r u u i t - n  - S c i u l i c h t i n g  ui ,i v e’
~vH u c - ku ap p e a r s  d civ n s t  m i - . i n i , m i  f l i t ’ m - r - S c i m u i t i i , -  n i t ’ id e q u a t i o n  b r e a k sdown as a v a l i d  ph v ’-c i c ’.u 1 m- t c o i le ’ i .
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I- i g .  14 . S p a t i a l  e i g e n v -~t l u e s  of the Orr-Son - i rn er fe ld  equation

V I , ( c r i c l u dj r t ~ H e t i t a r k s

lh e  m aj o r  r e s u l t s to  e m e r g e  f r o m  t h i s  s tud y a r e  as fo l lows . For
rica r V  i n c on ip r e s s i b l e  f low ( sound  w a v e  l eng th  la rge  compa red to
I c c I l r - u u i e n - S c h l i c h t i n g  wa v e’ l e n g t h ) , p l a n e  sound  w a v e s  feed e n e r g y  into
i c c l l r n u e n - S c ’ hl i eh t i n g  wa v e s  o n l y v e r y  n e a r  the  leading edge; ove r

i i  s t  of the  boundary I. i u - e r  the  two  w a v e s  a r e  t o t a l l y independen t . Pr e-
die  I i  c r 1 5  ha t -c been made of t he  a m p l i tude  c i t  a To l i rn i en  — Schlicht ing
wa v e ’ ~ e’ne r a t e d  hV t r e e -  s t r e a m  d i s t u r b a n c e s ;  the phy s i c a l  under -
s t a n d i t t g  a c h i e v e d  in t h i s  w o r k  v’.- i l l  .mj d  f u t u r e  s t ud i e s  of o the r  type s
of  t r ce’ - s t  r e do  - I i  s I t u  r h a n c e s . The r e s p o n s e  of the b o u n d a r y  l a y e r
t o  t o e d l u z ~~d t in  s t, ’ , c c l v  di — c t i i  r b a n c e s  I i i  s been ex t ens ive ly studied .
l’he se re ~ u L t  s show t h a t  m u c h  Ia r g t - r l o h l n u i e n  - S ch l i c h t i n g  waves  can
he e~ene r a te d by loca l  di stu n i c m n e c ’  s a n d , t hu s , should  be m o r e  in -ipor  -
t a n t  in the u l t im a t e  t r a n s i t i o n  p r o c e s s . So lu t io ns  of the Orr - Son’m nui e r-
t e ld  e q u a t i o n  a r e  f o u n d  f c c  c h a n g e  c h a r a c t e r  nea r s 0 ( 1) ;  the s o l u t i o n s
t i c  r s 1 ( l t  sug~~ ’ st  that l’ ol lmien - Sc h l i c h t i n g  wave s do not o c c u r  in
t h i s  s t r c . m l l  r e g i o n  n e a r  t he  l e a d i n g  ed ge u t  the  p la te .
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